A new subtraction procedure for removal both ultraviolet and infrared divergences in Feynman integrals is proposed. This method is developed for computation of QED corrections to the electron anomalous magnetic moment. The procedure is formulated in the form of a forest formula with linear operators that are applied to Feynman amplitudes of UV-divergent subgraphs. The contribution of each Feynman graph that contains propagators of electrons and photons is represented as a finite Feynman-parametric integral. Application of the developed method to the calculation of 2-loop and 3-loop contributions is described.
Introduction
The Bogoliubov-Parasiuk theorem [1, 2] provides us a constructive definition of the procedure (R-operation) that removes all ultraviolet divergences in each Feynman graph. The proof of this theorem in [1, 2] gives the representation of the Feynman amplitude that is obtained by R-operation in the form of an absolutely convergent Schwinger-parametric integral if the imaginary addition iε ( ε > 0 ) to the propagator denominators is fixed. Thus, R-operation removes UV-divergences point-by-point, before integration. The explicit formula for R-operation was obtained in [3, 4] :
where M j is the operator that extracts Taylor expansion of the Feynman amplitude of j -th divergent subgraph up to the needed order around zero momenta. Here it is meant that we should remove brackets and delete all terms containing M j and M l that correspond to overlapping 2 subgraphs. In the same papers it was pointed out that this renormalized Feynman amplitude can be represented in the form of an absolutely convergent Schwingerparametric integral when ε > 0 is fixed. Later, this formula was independently rediscovered by Zimmermann in momentum representation [5] , see also [41, 42] . Note that R-operation doesn't remove infrared divergences. For example, in QED, if we consider external momenta in Feynman graphs on the mass shell, then the Feynman amplitude that is renormalized by R-operation doesn't converge to a distribution as ε → 0 . Also, the physical renormalization requires to take the on-shell renormalization operators instead of M j in (1), and these operators generate additional IR-divergences (see [6, 7] ).
In this paper we consider a development of the R-operation idea. This development is applied to the problem of calculation of QED corrections to the electron's anomalous magnetic moment (AMM).
Electron's AMM is known with a very high accuracy, in the experiment [8] the value a e = 0.00115965218073 (28) (in Dirac moment units) was obtained. So, a maximal possible precision is needed also from theoretical predictions. For high-precision calculations it is required to take into account Feynman graphs with a large number of independent loops, this requires a lot of computer resources. Therefore, the ability to remove all divergences (including the infrared ones) point-bypoint is certainly relevant. Generally speaking, electron's AMM in QED is free from infrared divergences in each order of the perturbation series since IR-divergences of the unrenormalized Feynman amplitude are cancelled by IR-divergences in renormalization constants (about IR-divergences in renormalization constants, see [6, 7] ). However, individual graphs remain IRdivergent. Unfortunately, the structure of infrared and ultraviolet divergences in individual graphs is complicated, the divergences of different types can, in a certain sense, be "entangled" with each other. At the given moment, there is no any universal method for subtraction of IR-divergences in QED Feynman graphs. The most accurate prediction of electron's AMM at the present moment [9, 10] has the following representation: a e = a e (QED) + a e (hadronic) + a e (electroweak),
where m e , m µ , m τ are masses of electron, muon, and tau lepton, respectively. The value A (2) 1 = 0.5 was obtained analytically by Schwinger in 1948 [11, 12] . The term A (4) 1 was first calculated by Karplus and Kroll [13] using combined numerical-analytical method but there was a mistake in that calculation. This mistake was corrected analytically by Petermann [14] and Sommerfield [15] , the new value was confirmed by using another approach in [16] : A
The value A (6) 1 was computing numerically with the help of computers by three groups of scientists in the first half of 1970s (see [17] , [18, 19] , [20] ). The most accurate value A (6) 1 = 1.195±0.026 for that period of time was obtained by Kinoshita and Cvitanović [20] (the error is due to the Monte Carlo integration). By 1995, the accuracy was improved [21] : A (6) 1 = 1.181259 (40) . In all three cases, the base of the method was a subtraction procedure for point-by-point elimination of IR and UV divergences. These subtraction procedures were developed especially for 3-loop calculation of electron's AMM. However, in all three cases, a finite renormalization after the subtraction was required. The rules for this renormalization in the 3-loop case doesn't lead to an automated procedure at any order of perturbation. Simultaneously, approximately at the end of 1960s, the work of analytical calculation of A (6) 1 was started with help of computers (see [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] were computed by Kinoshita and Lindquist at the beginning of 1980s (see [34] ), since then the accuracy is still improving by Kinoshita and his collaborators. The numerical value for A (10) 1 was first obtained by Kinoshita's team in 2012 [9] . To realize that calculation, a new subtraction procedure for point-by-point removal of divergences was developed. The new method of Kinoshita and collaborators was fully automated up to A (8) 1 , however, some individual Feynman graphs for A (10) 1 require a special treatment [35] . In paper [10] the recent results of computation was presented: The corresponding theoretical prediction a e = 0.001159652181643 (25) (23)(16)(763) was obtained by using the value of the fine structure constant α −1 = 137.035999049(90) that had been measured in the recent experiments with rubidium atoms (see [36, 37] ). Here, the first, second, third, and fourth uncertainties come from A ( n ≤ 4 ) are in good agreement with the analytical ones.
In this paper we present a new subtraction procedure for calculation of A • The method is fully automated for any n .
• The method is comparatively easy for realization on computers.
• The given subtraction procedure is a modification of (1), it differs from that one only in the choice of operators and in the way of combining them. Operators of a simple form are used, which transform Feynman amplitudes of subgraphs. The operators can be cast in the momentum representation, they are linear, and produce polynomials of the degree that is less or equal to the ultraviolet degree of divergence of the corresponding subgraph 4 .
• The contribution of each Feynman graph to A (2n) 1
can be represented as a single Feynman-parametric integral. The value of A (2n) 1 is a sum of these contributions. So, we don't need any additional finite renormalizations, calculations of renormalization constants, calculations of some values at the lower orders of perturbation, or other additional calculations.
• The given subtraction procedure was checked for 2-loop and 3-loop Feynman graphs by numerical integration. Most likely, it will work at the higher orders of perturbation (the detailed explanation is given in the full version of this paper [40] ).
• It is possible to use Feynman parameters directly. We don't need any additional tricks 5 to define Feynman parameters in Feynman graphs that have non-negative UV degrees of divergence.
Presumably, the ideas of the given method can be applied to some other problems.
2 Formulation of the method
Preliminary remarks
We will work in the system of units, in which = c = 1 , the factors of 4π appear in the fine-structure constant: α = e 2 /(4π) , the tensor g µν is defined by
the Dirac gamma-matrices satisfy the following condition
µν . We will use Feynman graphs with propagators
for electron lines and
for photon lines. It is always assumed that a Feynman graph is strongly connected and doesn't have odd electron cycles.
N e is called the ultraviolet degree of divergence of the graph G . Here, N γ is the number of external photon lines of G , N e is the number of external electron lines of G .
If for some subgraph
There are the following types of UV-divergent subgraphs in QED Feynman graphs: electron self-energy subgraphs ( N e = 2, N γ = 0 ), 5 For example, one can use m 2 in propagators as additional variables of integration (see [43, 20] ). 6 In this paper we consider only such subgraphs that are strongly connected and contain all lines that join the vertexes of the given subgraph.
photon self-energy subgraphs ( N e = 0, N γ = 2 ), vertex-like subgraphs ( N e = 2, N γ = 1 ), photon-photon scattering subgraphs 7 ( N e = 0, N γ = 4 ).
Anomalous magnetic moment in terms of Feynman amplitudes
A set of subgraphs of a graph is called a forest if any two elements of this set are not overlapped.
we denote the set of all forests F containing UV-divergent subgraphs of G and satisfying the condition G ∈ F . By I[G] we denote the set of all vertex-like subgraphs G of G such that each G contains the vertex that is incident 8 to the external photon line of G .
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Let us define the following linear operators that are applied to the Feynman amplitudes of UV-divergent subgraphs:
1. A -projector of the anomalous magnetic moment. This operator is applied to the Feynman amplitudes of vertex-like subgraphs. Let Γ µ (p, q) be the Feynman amplitude corresponding to an electron of initial and final four-momenta p − q/2 , p + q/2 . The Feynman amplitude Γ µ can be expressed in terms of three form-factors:
see, for example, [6] . By definition, put
where C A is an arbitrary constant (the final result doesn't depend on C A , but contributions of individual Feynman graphs can depend).
2. The definition of the operator U depends on the type of UV-divergent subgraph to which the operator is applied:
• If Π is the Feynman amplitude that corresponds to a photon selfenergy subgraph or a photon-photon scattering subgraph, then, by definition, U Π is a Taylor expansion of Π around zero momenta up to the UV divergence degree of this subgraph.
• If Σ(p) is the Feynman amplitude that corresponds to an electron self-energy subgraph,
then, by definition 10 ,
• If Γ µ (p, q) is the Feynman amplitude that corresponds to vertexlike subgraph,
then, by definition,
where C U is an arbitrary constant.
3. L is the operator that is used for on-shell renormalization of vertex-like subgraphs. If Γ µ (p, q) is the Feynman amplitude that corresponds to a vertex-like subgraph,
Let f G be the unrenormalized Feynman amplitude that corresponds to a vertex-like graph G . By definition, put
where
10 Note that it differs from the standard on-shell renormalization. 
In this notation, the subscript of a given operator symbol denotes the subgraph to which this operator is applied.
Byf G we denote the coefficient before γ µ inf G . The valuef G is the contribution of graph G to the anomalous magnetic moment:
where the summation goes over all vertex-like Feynman graphs. If we sum only over graphs with a fixed number of vertices, we can obtain the corresponding term of the perturbation expansion in α .
Let us consider the example that is showed on Figure 1 . This Feynman graph we denote by G . For this example, we have (10), (11), (12) we obtaiñ
Operator expressions for 2-loop Feynman graphs are given in Table 2 (in this table by G we denote the whole graph).
Feynman-parametric representation
Let us consider the formulation of the subtraction procedure in Feynmanparametric representation. This representation allows to remove regularization, so it can be directly used for numerical calculation.
We will use the following formula:
To calculate the contribution of vertex-like graph G to a new e,1
in terms of Feynman parameters we should perform the following steps:
1. To each internal line of G we assign the variable z j , where j is the number of this line.
2. Suppose that the values z j > 0 are fixed. We introduce the following propagators for electron and photon lines respectively:
Byf G (z, ε) , where z = (z 1 , z 2 , . . .) , we denote the value that is obtained by the rules that are described above forf G , but with the use of the new propagators. The valuef G (z, ε) is obtained by using explicit formulas for integrals of multi-dimensional gaussian functions multiplied by polynomials, see [41, 42] . After applying these explicit formulas to a Feynman integral with propagators (13) we obtain the Feynman amplitude of the form
where each Π l can be represented as a product of expressions likep j , p jµ , γ µ , (p j p j ) (here p 1 , p 2 , . . . are momenta of external lines, j , j , j are coordinate indexes of external momenta, µ is the tensor index that corresponds to the external photon line), each R l has the form
where p = (p 1 , p 2 , . . .) is the tuple of external momenta, F , T , H are homogeneous polynomials with respect to z , all coefficients of the polynomial T are positive, all coefficients of H are real, the degree of H with respect to z is equal to 1 plus the degree of T , the polynomial H contains elements of p only in the form of scalar products like (p j p j ) , and each term of H contains not more than one such scalar product (see [41, 42, 7] ).
If operators A , U , and L are applied to some subgraphs of a given Feynman graph, then the corresponding Feynman amplitude can be represented in the form (14) too. This can be proved by induction on the number of internal lines using the following statements:
• The product of expressions like (14) that depend on non-intersecting subsets of {z 1 , . . . , z n } can be represented in the form (14) too.
• Operators A , U , and L give polynomials of external momenta.
• If Φ is an expression of the form (14) , then AΦ , U Φ , LΦ can be represented in the form (14) too. For example,
This follows from the fact that AΓ µ (p, q) can be expressed through the values of Γ µ (p, q) on the surface p 2 = m 2 , q = 0 and its first derivatives at these points along directions (p , q ) such that pp = pq = 0 (see the explicit formula in [45] ). The first derivatives of R j at these points along these directions is equal to 0 because of zero first derivatives of scalar products of the external momenta.
By definition, put
The problem is reduced to the calculation of the integral z 1 ,...,zn>0
The integral (16) is obtained analytically by using the formula
Note that we will always have D > 0 . This follows from the fact that the terms with D = 0 are nulled by the operator A that is applied to some subgraph. This is because the term in Feynman amplitude corresponding to the minimal D is proportional to γ µ (see the explicit recipe for constructing F , G , H in [43, 41, 42] ).
4. We compute the integral (17) numerically.
Justification of the method
Justification of the correctness of the described subtraction procedure consists of two parts:
1. Proof of the equality a Let us consider the first part in the 2-loop case. 2-loop Feynman graphs for electron's AMM are showed on Figure 2 . We must prove that the application of this subtraction procedure is equivalent to the on-shell renormalization. The on-shell renormalization can be represented in the form that is similar to the one that was used for description of the subtraction procedure in Section 2.2, see Table 1 . Here, B is the operator that is applied to Feynman amplitudes of electron self-energy subgraphs for the on-shell renormalization. This operator is defined by the following relation:
if (6) is satisfied 11 .
11 By definition, Σ(m) = a(m 2 ) + mb(m 2 ) . Figure 2 to electrons's AMM that are obtained directly by onshell renormalization, the differences between these expressions and expressions from Table 2 .
As shown in this table, the contribution of the graph 1 to a e,1 − a new e,1 is equal to zero. Let us consider the contribution of graphs 3-6 to this difference. Note that the following statement is valid. Suppose the functions Σ(p) , Γ µ (p, q) and the complex number C satisfy the following conditions:
• (6), (7);
• the Ward identity:
. From this it follows that the contribution of graphs 3-6 is equal to zero. The complete proof of the relation a new e,1 = a e,1 for any order of perturbation is given in the full version of this paper [40] .
Let us consider the elimination of divergences in the 2-loop case. Note that overall UV-divergences are removed by the operator A , see [44] . Thus, graph 2 doesn't have divergences, all UV-divergences in graph 7 are obviously removed. Also, some subgraphs can generate IR-divergences, see [44] . The vertex that is incident to the external photon line is a such subgraph in graphs 1-6. However, these IR-divergences ("overall") are removed by operator A , see [44] . Each of graphs 3-6 has a unique UV-divergent subgraph that doesn't coincide with the whole graph. The UV-divergence corresponding to this subgraph is subtracted by the counterterm with operator U . However, operator U doesn't generate additional IR-divergences (in contrast to operators L and B ) because all IR-divergences in Feynman amplitudes like (7) are proportional to p µ orpp µ , all IR-divergences in (18) are contained in terms with a (m 2 ) or b (m 2 ) . In the graph 1 the subgraph abc generates UV and IR divergences simultaneously. The UV-divergence that corresponds to abc is subtracted by the counterterm A G U abc , this counterterm doesn't generate additional IR-divergences. The IR-divergence that corresponds to the subgraph abc is subtracted by the counterterm (L G − U G )A abc f G . This counterterm doesn't generate additional UV-divergences. In this cases all divergences are eliminated point-by-point, before integration 12 . The pointby-point elimination of divergences is described in detail in the full version of this paper [40] . 
1 and A
1 respectively. The following probability density function for Monte Carlo integration was used:
where s ≈ 0.74, j(z) is the number of the subdomain containing the tuple z = (z 1 , . . . , z n ) , coefficients C j were adjusted dynamically. The splitting of the integration domain into subdomains is performed by the following rules:
• For each tuple z we determine a partition of the set of indexes of z into two non-empty subsets A and B such that (min B z l )/(max A z l ) is maximal. So, the integration domain is split into 2 n − 2 pieces.
• Each piece is split into 10 parts. The number of a part for the tuple z is the number of interval from the list (7, 10] , (10, 14] , (14, 18] , (18, 22] , (22, +∞) , that contains the value ln((min B z l )/(max A z l )) .
The integrand appears as a difference of functions such that the corresponding integrals can diverge. Moreover, these divergences can have a linear character or even more. Thus, round-off errors can introduce a significant contribution to the result. In the cases when the 64-bit precision was not enough, we used the 320-bit precision (with the help of the SCSLib library [47] ). These situations appear with the probability of about 1/2000 during the Monte Carlo integration. The situations when the 320-bit precision is not enough appear with the probability less than 10 −9 and don't introduce any noticeable contribution (these points are discarded).
3 days of computation on a personal computer give the following result: Table 2 . In this table and in the following tables the number N call denotes the number of function calls during the numerical integration. The calculated contribution of graphs 1, 2, and 7 are in good agreement with well-known values that were obtained from analytical expressions ( 0.77747802 , −0.46764545 , and 0.01568742 , respectively), see [13, 14, 16] . Table 3 . Table 4 contains the comparison of the computed contributions of some sets of graphs with known values for these contributions. We selected such sets of graphs that their contributions calculated by the given subtraction procedure is equal (should be equal) to the contributions computed directly in the Feynman gauge. If all computations would be performed with 64-bit precision, the points for which this precision is not enough would be discarded, then it appears an additional error being more than 0.1% in graphs 28, 35-36, 45-46, 70-71.
(1) (2) (3) (4) (5) (6) (7) a There is a disagreement of contributions of sets 7-8 and 9-10 separately with values that are given in that papers. We failed to find the reason, but the contribution of 7-10 is in good agreement, the error is less than 0.6%.
